A nonlinear mathematical model is used to investigate the time evolution of the cell populations in colon crypts ͑stem, semidifferentiated and fully differentiated cells͒. To mimic pathological alteration of the biochemical pathways leading to abnormal proliferative activity of the population of semidifferentiated cells their renewal rate is assumed to be dependent on the population size. Then, the effects of such perturbation on the population dynamics are investigated theoretically. Using both theoretical methods and numerical simulations it is shown that the increase in the renewal rate of semidifferentiated cells strongly impacts the dynamical behavior of the cell populations.
I. INTRODUCTION
The gut is anatomically divided into two compartments: the small intestine and the colon, both of which are lined with a single layer of epithelial cells. This epithelium is the fastest self-renewing tissue of adult mammals: on average it is replaced every 5-6 days. The epithelium of both compartments is organized into invaginations called crypts. In addition the small intestine contains fingerlike protrusions called villi that are absent in the colon. The fast renewal rate of gut epithelium is sustained by stem cells residing in the bottom of the crypts. Stem cells at the base of the crypt generate the semidifferentiated ͑or transit amplifying͒ cells that fill the lower part of the crypt and divide several times before giving rise to the fully differentiated cells. The fully differentiated cells migrate upwards and fill the upper part of the crypt before being shed into the gut lumen ͓1,2͔. There is experimental evidence suggesting that this process is a combination of population pressure ͑due to proliferation͒ and active cell migration ͓3,4͔. A schematic representation of the cell compartments of the colonic crypt is shown in Fig. 1 .
The primary driving force underlying the proliferation of epithelial cells is the Wnt signaling pathway, which is highly conserved in the animal kingdom ͓1,2,5͔. In the absence of the Wnt ligand the concentration of the ␤-catenin protein is maintained at physiological levels due to the activity of a degradation complex. This complex consists of adenomatous polyposis coli ͑APC͒, the glycogen synthase kinase 3␤, the casein kinase I and regulates the ␤-catenin phosphorylation status ͓1,2,5͔. When the Wnt ligand is present the destruction complex is inactivated and ␤-catenin is not phosphorylated and accumulates in the cell ͓1,2,5͔. In such conditions ␤-catenin is able to reach the cell nucleus and interact with the T-cell factor/lymphoid enhancer factor ͑TCF/LEF͒ family of transcription factors to promote gene expression. The activation of TCF/LEF is an important factor underlying the proliferative activity of healthy gut epithelium as well as the pathological tissue activity occurring in colorectal cancer ͓1,2,5͔.
To investigate stem cell dynamics and cancer several models have been introduced ͓6-19͔ and an overview and classification of them was presented in ͓13͔. One of the earliest and most influential models of colorectal cancer is that of Tomlinson and Bodmer ͓6͔ consisting of three compartments: stem cells, semidifferentiated cells, and fully differentiated cells. This model is discrete and stem and differentiated cells are assumed either to die or to differentiate or self-renew at the end of their cell cycle. It was shown that the alteration of the rates of programmed cell death or cell differentiation can explain several aspects of tumor behavior ͓6͔; this study was extended and generalized in ͓17,18͔ to account for feedback and to remove the restrictions of synchrony and common cell cycle time in all compartments implicitly assumed in the original model. In Boman et al. ͓7͔ a compartmental model was used to understand the experimental data on patients with familial adenomatous polyposis ͑FAP͒. In ͓11͔ a three compartment model of colorectal cancer was investigated: the first compartment describes stem cells, the second contains the semidifferentiated cells and the last one the fully differentiated cells. It was found that mutations in the compartment of semidifferentiating cells are crucial for colon cancer initiation. Similarly, by using a linear model of colon cancer, it was shown that chromosomal instabilities are a key factor for tumorigenesis ͓10͔. By using a similar approach these results were extended to leukemia stem cells ͓16͔. With the aid of a continuous mathematical model describing stem, early and late progenitor cells in neural cancer it was found that oncogenic events and sudden cell population depletion strongly impact the proliferative activity of the cells ͓12͔. The effects of genetic mutation on a population of stem cells were also studied in ͓14͔. As discussed the Wnt signaling pathway is an important factor in the development of a cancerous tissue and the biochemical processes driving this signaling cascade were studied theoretically in ͓15͔. By using a mathematical model describing the stem, transit amplifying and fully differentiated cells of the olfactory epithelium it was found that the self-regulation of the proliferative rates of these cells can enhance local stability ͓19͔. The understanding of the basic cellular mechanisms underlying cancer generation is a very important scientific challenge and, at present, is still an open problem for most cancers ͓20͔. Complexity in carcinogenesis occurs at many hierarchical levels involving DNA, RNA, proteins, intracellular and extracellular biochemical pathways, tissues, and organs. Therefore it is important to stress that the model that will be studied in the present paper neglects the internal structure of the cells but aims to understand how properties at the cell level affect tissue level behavior.
In our paper a mathematical model describing the cell populations in colorectal crypts is introduced and studied. In particular the conditions leading to unlimited growth of the cell populations are investigated. The aim is to understand how self-renewal, differentiation, and apoptosis affect the size of the involved cellular species. For simplicity, the model consists of three compartments in which the spatial location of the cells is not considered so the model is not suited to investigate the mechanisms controlling cell migration or other connected phenomena. The study of the more complex cell population dynamics, arising from the inclusion of spatial cell location and migration phenomena, will be pursued in future work. However, as pointed out in ͓13͔, compartmental models are very useful for obtaining insight on the processes driving the population dynamics of the crypt, in spite of the above approximation. An additional comment on our model is that it neglects the heterogeneous expression of cells during tumor progression: i.e., the nonuniform distribution of the microscopic state of the cells ͓21,22͔. Most tumors become more aggressive and malignant in their characteristics over time although this time course may be quite variable; this phenomenon is termed tumor progression ͓21͔. As pointed out by Nowell ͓21͔ it is common, particularly with rapidly growing tumors, to find heterogeneity so that some subpopulations of the neoplastic cells may appear much further advanced than others in the degree of tumor progression. As predicted by Nowell ͓23͔ this phenomenon is a consequence of the clonal evolution process. Here we use a macroscopic model, in terms of ordinary differential equations, in which the above mechanisms driving tumor evolution are not described. However it is possible to introduce models at a lower scale in which cellular heterogeneity, arising from tumor progression, can be taken into account ͓22͔. Such approaches are described in a general setting in ͓22͔.
The starting point of the present work is the model of the colorectal crypt recently proposed by some of us ͓17͔, describing three cellular species: the stem cells, the semidifferentiated cells and the fully differentiated cells. The goal of the present paper is to generalize that work, and to this aim we will consider a model in which the self-renewal rate of semidifferentiated cells is an increasing function of the population size. The stability properties of the corresponding stationary states will be studied to identify those dynamical regimes which can lead to unlimited growth. In the first part of the paper the study will be carried out theoretically, while in the final part the results of model simulations will be discussed. Moreover, the effect of noise on the dynamical behavior of the cell populations will be investigated.
II. MODEL DESCRIPTION
Let x denote the population of stem cells, y denote that of the semidifferentiated ͑or transit-amplifying͒ cells, and z denote that of the fully differentiated cells in the colonic crypt. Let us consider the continuum model describing these populations adopted in Johnston et al. ͓17͔. In this model the population of stem cells is described by the equation ẋ = ␣ 3 x − ␣ 2 x − ␣ 1 x, where the parameter ␣ 3 is the renewal rate of these cells, ␣ 2 is the transition rate from the stem cell compartment to the semidifferentiated cell compartment, and ␣ 1 represents the rate of stem cell apoptosis ͑see Fig. 1͒ . Similarly, the population of semidifferentiated cells is described by the equation ẏ = ␤ 3 y − ␤ 2 y − ␤ 1 y + ␣ 2 x, where ␤ 3 is the renewal rate of these cells and ␤ 1 the corresponding apoptotic rate, while ␤ 2 is the transition rate from the semidifferentiated cell compartment to that of the fully differentiated cells ͑see Fig. 1͒ . The time evolution of the population of the fully differentiated cells is described by the equation ż =−␥z + ␤ 2 y, where ␥ is the removal rate of these cells ͑see Fig. 1͒ . To summarize, the full model is
where ␣ = ␣ 3 − ␣ 1 and ␤ = ␤ 3 − ␤ 1 . It was shown that nontrivial positive steady state solutions of Eqs. ͑1a͒-͑1c͒ can exist only in the cases ␣ − ␣ 2 Ͻ 0, ␤ − ␤ 2 = 0 and ␣ − ␣ 2 =0, ␤ − ␤ 2 Ͻ 0 ͓17͔. This system is, of course, structurally unstable. To obtain a more realistic description of the dynamics of the stem cells the previous model is modified by introducing the term −kx 2 ͑k Ͼ 0͒ on the right-hand side of Eq. ͑1a͒. Thus, the time evolution of the stem cell population is described by logistic dynamics ͓24͔. To justify this modification some general considerations are necessary. Both the normal and cancer tissue contain the same population of cells: the stem cells, the semidifferentiated cells, and the fully differentiated cells ͓2͔. Normal tissue renewal and growth of cancer are both due to semidifferentiated cells. Usually, the stem cells of both normal and cancer tissues are relatively few in number ͑compared to the semidifferentiated cells and fully differentiated cells͒ and are proliferating ͓2͔. Experimental results obtained in Hydra stem cells clearly show that the population size is controlled by negative feedbacks from the neighboring cells: i.e., the increase in the population size determines a decrease in the self-renewal rate of the stem cells ͓25͔. The dependence of the renewal rate on the stem cell density was modeled by a logistic dynamics by Hardy and Stark ͓8͔ and by a sigmoid profile by Zhdanov ͓26͔. More recently the problem of cell population growth was addressed in a general framework by Kilian et al. ͓27͔ . Based on general biological principles these authors formulated general equations describing the growth curves of all cell types by showing that these processes are driven by logistic dynamics ͓27͔. Moreover, by using experimental data on the in vitro proliferation of mesenchymal stem cells, it was found that the time evolution of the population size is described by a logistic equation ͓28͔. Moreover, a logistic kinetics to describe the growth of a population of stem cells was also adopted by other authors ͓14,29,30͔.
Normal tissue renewal and growth of cancer both occur by division of the transit amplifying ͑or semidifferentiated͒ cells ͓2͔. Moreover, experimental data from a variety of animal and tissue culture studies suggest that tumor growth decelerates with increasing cell population size and sigmoidal ͑or S-shaped͒ curves are used to fit the data ͓31-34͔. Thus, the second modification takes into account that the rate of renewal of the population of the semidifferentiated cells depends on the population size. Such an assumption is also in keeping with the recent work of d'Onofrio and Tomlinson ͓18͔ and can be ascribed, for example, to the alteration of the mechanisms regulating ␤-catenin concentration ͓2͔. The latter can arise from transcription errors or through a loss of the function of the APC degradation factor ͑see Sec. I͒ ͓35,36͔. Thus, on the basis of the above discussion, it is assumed that the rate of self-renewal of the semidifferentiated cells is a sigmoidal function of the population size, in particular a Hill-like growth rate is adopted:
Inserting the above change into Eq. ͑1b͒ leads to the following system of equations to describe the time evolution of the cell populations in the colon crypts:
Because the population size of the stem cells follows a logistic growth toward a stationary value ͓2,27,28,31-34͔, a positive value of the parameter ␣ − ␣ 2 is adopted in this paper. From Eq. ͑3b͒ it follows that unlimited growth occurs if
On the other hand the experimental data on hematopoietic cells of cat and mouse discussed in ͓37͔ indicate that the value of ␤ − ␤ 2 can be positive or negative and we allow for this in the model. A similar assumption was also adopted in other studies of cell population dynamics in the colon crypt ͓17,38͔. For instance, changes in ␤ could arise because of cellular damage, the mutation of genes controlling the differentiation process, alteration of the Wnt signaling pathways, a change in the apoptosis rate, etc. ͓2͔.
III. STATIONARY STATES
To simplify the notation let us define ␣ = ␣ − ␣ 2 and ␤ = ␤ − ␤ 2 in Eqs. ͑3a͒ and ͑3b͒. Let us remark that Eq. ͑3a͒, describing the stem cell population, is not coupled to the remaining two and is completely solvable. If at time t = 0 the size of the population of stem cells is x 0 Ͼ 0, then its solution is given by x͑t͒
Because ␣ Ͼ 0 it follows that the nontrivial stationary state ͑x eq = ␣ / k͒ of Eq. ͑3a͒ is stable. Before proceeding to analyze the full system ͓Eqs. ͑3a͒-͑3c͔͒ let us show that solutions exist and are positive. The right-hand sides of Eqs. ͑3a͒-͑3c͒ are continuous with continuous partial derivatives and this implies the existence and uniqueness of the solution of the initial value problem. As shown before x͑t͒
thus it is sufficient to show that y͑t͒ Ͼ 0 and z͑t͒ Ͼ 0. To this aim it is sufficient to show that by choosing arbitrary initial conditions x͑0͒ = x 0 Ͼ 0, y͑0͒ = y 0 Ͼ 0, and z͑0͒ = z 0 Ͼ 0, the solutions to Eqs. ͑3b͒ and ͑3c͒ are such that y͑t͒ Ͼ 0 and z͑t͒ Ͼ 0. Consider first the equations ȳ = ␤ȳ and ż =−␥z satisfying the initial conditions ȳ͑0͒ = y 0 Ͼ 0 and z͑0͒ = z 0 Ͼ 0. The solutions to these equations are obviously positive. Since y 0 Ͼ 0 and z 0 Ͼ 0 it is possible to choose a three-dimensional ball, B 0 , centered at ͑x 0 , y 0 , z 0 ͒ entirely lying in the region x Ͼ 0, y Ͼ 0 and z Ͼ 0. Then there exists a time T 1 Ͼ 0 such that for t Ͻ T 1 the solution of Eqs. ͑3a͒-͑3c͒ with initial condition ͑x 0 , y 0 , z 0 ͒ is entirely contained in B 0 . From this it follows that for t Ͻ T 1 , py n+1 / ͑q + y n ͒ + ␣ 2 x Ͼ 0 and ␤ 2 y Ͼ 0 and since ẏ͑t͒ Ն ȳ and ż͑t͒ Ն ż, this implies that y͑t͒ Ն ȳ͑t͒ Ͼ 0 and z͑t͒ Ն z͑t͒ Ͼ 0 for t Ͻ T 1 . Moreover, since ẏ͑t͒ Ͼ 0 and ż͑t͒ Ͼ 0 it follows that y͑T 1 ͒ Ͼ y 0 and z͑T 1 ͒ Ͼ z 0 . Now, let us set x 1 = x͑T 1 ͒ Ͼ 0, y 1 = y͑T 1 ͒ Ͼ 0, and z 1 = z͑T 1 ͒ Ͼ 0 as the new initial conditions and let us consider the ball B 1 centered at the point ͑x 1 , y 1 , z 1 ͒. Then, the above protocol can be repeated with the new initial conditions to find the new initial conditions x 2 = x͑T 2 ͒ Ͼ 0, y 2 = y͑T 2 ͒ Ͼ 0, and z 2 = z͑T 2 ͒ Ͼ 0. This operation can be performed an arbitrary number of times and this implies the positivity of the solutions of Eqs. ͑3a͒-͑3c͒.
The stationary states of Eqs. ͑3a͒-͑3c͒ are determined by finding the solutions of the following set of equations:
From Eq. ͑4a͒ it follows that the equilibrium values of the population of stem cells are x eq =0 or x eq = ␣ / k. Let x eq =0, then from Eqs. ͑4b͒ and ͑4c͒ it follows that y eq = z eq =0 is one possible solution. As ␣ Ͼ 0 it follows that the stationary state S = ͑x eq , y eq , z eq ͒ = ͑0,0,0͒ is unstable. Let us now search for stationary states such that x eq = 0 and y eq 0.
The equilibrium values of the population of semidifferentiated cells ͑y͒ are the roots of the equation ␤ + py n / ͑q + y n ͒ = 0. Let ␤ Ն 0, then in this case there are no roots in the interval ͔0,+ϱ͓, as p , q Ͼ 0. Biologically realistic solutions exist only when −p Ͻ ␤ Ͻ 0: in this case the equilibrium value of the population of semidifferentiated cells is y eq = ͓−␤q / ͑␤ + p͔͒ 1/n . As before, the corresponding stationary state S 2 = ͕0,͓−␤q / ͑␤ + p͔͒ 1/n , ␤ 2 y eq / ␥͖ is unstable. Let us now assume that x eq = ␣ / k. Substituting in Eq. ͑4b͒ we obtain the following equation:
where R = ␣␣ 2 / k Ͼ 0. For each positive root ͑y ‫ء‬ ͒ of this polynomial the corresponding stationary state of Eqs. ͑3a͒-͑3c͒ is S = ͑x eq , y eq ,
To discuss the existence of the positive roots of P͑y͒ Descartes' rule of signs is used.
The signs of the coefficients are y n+1 y n y Rq ␤ − values
͑6͒
It follows that in the case −p Ͻ ␤ Ͻ 0 there are 2 or 0 positive roots, while no positive roots exist for ␤ Ͼ 0. To investigate the local stability properties of the corresponding stationary states the sign of the time derivative of the population of semidifferentiated cells will be studied in a neighborhood of the equilibrium value ͑y ‫ء‬ ͒. Obviously, if y ‫ء‬ is an unstable fixed point then the corresponding stationary state of Eqs. ͑3a͒-͑3c͒ will also be unstable. Moreover it can be proved that all stationary states for which͉ dP͑y͒ dy ͉ y=y ‫ء‬ 0 are hyperbolic. Then the Hartman-Grobman theorem ͓39͔ implies that the linearly stable ͑or unstable͒ states are also locally nonlinearly stable ͑or unstable͒.
Let us list the properties of the polynomial P͑y͒ defined in Eq. ͑5͒: P͑0͒ = Rq Ͼ 0 and lim y→−ϱ P͑y͒ =+ϱ for odd n values, while lim y→−ϱ P͑y͒ =−ϱ for even n values. Moreover lim y→+ϱ P͑y͒ =+ϱ for any n. From the above properties it follows that for odd n values and when two positive roots exist, the corresponding graph of P͑y͒ is like that depicted in panel a of Fig. 2 . Then, from the plot of Fig. 2͑a͒ , it follows that the stationary state corresponding to S 1 is stable while that corresponding to S 2 is unstable ͑see the arrows͒. This case is interesting because an unlimited growth of the population of semidifferentiated cells can occur. This can happen by choosing initial conditions within the basin of attraction of S 2 or in the presence of a suitable perturbation. For instance, let us assume that the populations are in a dynamical regime close to the stationary state S 1 . Then, the presence of a suitable perturbation can bring the system into the basin of attraction of the unstable state S 2 and unlimited growth can occur. Such behavior will be illustrated in more detail later by using specific numerical simulations. Similarly, for even n values the generic graph of P͑y͒, when two positive roots exist, is like that shown in panel b of Fig. 2 . The root S 1 corresponds to a stable stationary state and S 2 to an unstable one. Also in this case we can have unlimited growth. The case ␤ + p = 0 is equivalent to the previous one: only 2 or 0 roots can exist and the stability properties of the corresponding stationary states are the same as above.
Before continuing the study of the stationary states, it is necessary to make some remarks concerning the role of multistability in a biological context. There is experimental evidence that bistability plays an important role in the determination of the cell fate options that include self-renewal, differentiation, apoptosis, and lineage specification. The experimental data suggest that during development or differentiation cells make very precise transitions between stable network states ͑or gene expression patterns͒ ͓40͔. For instance, these transitions can occur when the level of a single transcription factor within a genetic network is subject to fluctuations ͓40-46͔. Such changes can be driven by the internal noise that is inherent to the biochemical reactions or to external noise originating from random variations of the external signaling conditions ͓40,41,45͔. went differentiation: it was found that this process exhibits nonlinear features similar to those characterizing the functioning of a bistable switch model ͓47͔. Thus the authors suggest that the differentiation process is not a linear process and can be described by a nonlinear bistable switch. Moreover to model the experimental data, a S-shaped function was used to describe the nonlinear positive feedback loop characterizing the differentiation process. In another recent paper the contribution of gene expression noise to the phenotypic cell-to-cell variability within clonal populations was studied experimentally ͓48͔, suggesting that, although the mechanisms underlying cell-to-cell variability are not well known, this phenomenon exhibits multistability and noisedriven transitions between stable states is one source of cellto-cell clonal population heterogeneity ͓48͔. How the noise impacts the behavior of our model will be investigated numerically in the final section of this paper. Coming back to the analysis of the stationary states of Eqs. ͑3a͒-͑3c͒ let us consider now the case ␤ + p Ͻ 0. It will be shown, as the experimental data suggest, that our model predicts the existence of bistable regimes when such condition is fulfilled.
In this case the signs of the coefficients of the polynomial P͑y͒ are q+y n + R = P͑y͒ / ͑q + y n ͒, it follows that the stationary state of Eqs. ͑3a͒-͑3c͒ corresponding to S 1 is globally stable for biologically realistic initial conditions. When P͑y͒ possesses three positive roots its graph looks like that shown in Fig. 2͑d͒ and the stationary states corresponding to S 1 and S 3 are stable, while that corresponding to S 2 is unstable. Also in this case unlimited growth cannot occur. The same conclusions also hold for even n values ͑panels e and f of Fig.  2͒ .
Overall, the above findings imply that unlimited growth can occur when the parameter ␤ satisfies the following inequality: −p Ͻ ␤ Ͻ 0. A biological interpretation of the previous condition is the following. As ␤ = ␤ 3 − ␤ 2 − ␤ 1 the condition ␤ Ͼ −p is equivalent to ␤ 3 + p Ͼ ␤ 2 + ␤ 1 , and the last inequality states that unlimited growth can occur because the maximum value of the renewal rate of the population of semidifferentiated cells is larger than the sum of the differentiation and apoptotic rates. The above condition implies that there exists a threshold value y th separating two different dynamical regimes. For 0 Ͻ y͑t͒ Ͻ y th the population of semidifferentiated cells is bounded. When y͑t͒ Ͼ y th unlimited growth occurs. This conclusion can be proved as follows. As ␤ = ␤ 3 − ␤ 2 − ␤ 1 Ͻ 0, then from Eq. ͑2͒ it follows that the inequality ␤ 3 ͑y͒ Ͼ ␤ 2 + ␤ 1 will be satisfied if y Ͼ y th = ͓ −q␤ p+␤ ͔ 1/n . 
On the other hand when ␤ + p Ͻ 0 the rate of apoptosis and differentiation overcomes the rate of the positive feedback driving self-renewal and abnormal tissue growth cannot occur. Let us investigate the boundedness properties of the solutions of Eqs. ͑3a͒-͑3c͒ when the stem cell population is assumed to be constant: x = x eq = ␣ / k. The following proposition provides the conditions for bounded solutions.
Proposition I. Let x = x eq = ␣ / k then the solutions of Eqs.
Proof. These results can be proved by studying the signs of dy / dt and dz / dt.
The biological meaning of the above proposition is as follows: when ␤ + p Ͻ 0 the rate of apoptosis and differentiation overcomes the rate of the positive feedback driving selfrenewal and abnormal tissue growth cannot occur. When ␤ + p = 0 it follow that ẏ =−pqy / ͑q + y n ͒ + R. If n Ͼ 1 then ẏ Ͼ 0 for y Ͼ ͓q / ͑n −1͔͒ 1/n and the solution starting at y͑0͒ = y 0 Ͼ ͓q / ͑n −1͔͒ 1/n cannot be bounded. Instead, if n = 1 and R Ͻ pq then the solution of the above equation is bounded and an acceptable stationary value of the population of semidifferentiated cells will exist ͑y eq Ͼ 0͒.
IV. MODEL GENERALIZATION
Let us now consider a more general form of the model described by Eqs. ͑3a͒-͑3c͒ by adopting, for the rate of renewal of semidifferentiated cells, the following form:
We consider which properties the function F should have to be biologically realistic. As discussed in the previous sections the growth rate of solid tumors decelerates with increasing tumor size ͓25,34͔. Therefore, the dependence of the net growth rate of the cells on the population size can be described by a sigmoidal function ͓34,49͔. Whence it is assumed that the function F͑y͒ possesses the following properties:
The model now reads as
As in Sec. II, existence and positivity of solutions for positive initial conditions can easily be shown. Moreover, the justification for using logistic dynamics to describe the stem cell compartment is as that in Sec. II. Let us now search for the stationary states of this dynamical system. From the first equation it follows that x eq =0 or x eq = ␣ / k;
It can be proved that in this case biologically realistic stable stationary solutions of Eqs. ͑9a͒-͑9c͒ do not exist;
By substituting x = x eq = ␣ k we obtain the following equation:
where R = ͑␣ 2 ␣͒ / k Ͼ 0. This equation is not satisfied by y = 0, thus we search for roots within the interval ͔0,+ϱ͓. Equation ͑10͒ can be rearranged to yield the equivalent equation:
As F͑y͒ Ͼ 0 for y ͔0,+ϱ͓ it follows that positive roots of Eq. ͑11͒ can exist only if ␤ Ͻ 0. Let us now prove the following proposition. Proposition II. Let F͑y͒ be a differentiable function on ͓0,+ϱ͓ satisfying the following properties: For the case depicted in the left panel the stationary state corresponding to S 2 is stable. For the stationary state corresponding to S 1 one of the eigenvalues of the Jacobian matrix of Eqs. ͑9a͒-͑9c͒ is zero: 2 = ␤ + d dy ͓yF͑y͔͒ y=y ‫ء‬ = 0. In this case the stability of this stationary state can be investigated by using the local properties of the graphs of F͑y͒ and −͑R / y + ␤͒. As the sign of ẏ is positive both to the left and to the right of S 1 it follows that this stationary state is not stable. By using the same approach it can be shown that for the configuration reported on the right panel of Fig. 3 unlimited growth cannot occur. This happens because S 1 is stable and ẏ Ͻ 0 both to the left and right of S 2 .
The existence of more than two distinct zeros can also occur, depending on the choice of F͑y͒. Let y j ‫ء‬ ͑j =1,2, ... ,N , y j ‫ء‬ Ͻ y j+1 ‫ء‬ ͒ be the N Ͼ 2 distinct roots, then the following proposition holds.
Proposition IV. If unlimited growth of the population of semidifferentiated cells occurs then the stationary state corresponding to y N ‫ء‬ is unstable. The proof of this proposition is given in Appendix C. The boundedness properties of the solutions of these equations are characterized by the following proposition.
Proposition V. Let F͑y͒ satisfy all properties specified in proposition II and x = x eq = ␣ / k. If ␤ + L Ͻ 0 then all solutions of Eqs. ͑9b͒ and ͑9c͒ are bounded.
The proof of this proposition is given in Appendix D. We remark that in the case ␤ + L = 0 and x = x eq = ␣ / k the boundedness properties of the solutions of Eqs. ͑9b͒ and ͑9c͒ are dependent on the choice of F͑y͒. To take into account the possible biological implications of the above findings it is important to make some appropriate comments. An important biological concept characterizing cell biology is that of cell fate options. It is thought that cells initiate differentiation, apoptosis, or self-renewal depending on the level of activation of specific biochemical signaling pathways. The molecular processes underlying the switch from one state to another determines ͑through the activation of suitable genes͒ the cell fate decision ͓40͔. The relevance of switchlike decisions in biological processes has been revealed in a wide range of systems ͓40,50͔. For instance in ͓51͔ it was shown that the activation of many molecular processes can be described by sigmoidal functions which allow the biological system the possibility of adopting alternative stable steady states. Moreover, positive feedback loops-such as the one used in our model ͓␤y + F͑y͒y͔-are at the basis of the complex biochemical pathways controlling cell fate decisions ͓51͔. The multistable nature of biological switches is very important for the determination of cell fate in unicellular and multicellular organisms ͓52-55͔. Thus, the change in the levels of gene expression can switch a cell from one stable state to another. Moreover there are clear experimental and theoretical data indicating that multistability arises in biological systems controlled by positive feedback loops ͓40,44,56͔. In the case of colorectal tissue such stable stationary states could be associated with the presence of adenomas. Our model suggests the existence of multistability in the colorectal epithelium and these states can be associated with the presence of different levels of adenomatous tissue in line with the above discussion.
Another question to be asked is the following: which biological conditions are required in order that Eqs. ͑9a͒-͑9c͒ possess a single stable stationary state? It can be proven that if 0 Ͻ L Ͻ −␤ and dF / dy Ͻ R / y 2 then only one steady state exists. From a biological point of view this, together with proposition V, indicates that unlimited growth of the colorectal epithelium tissue cannot occur when 0 Ͻ L Ͻ −␤. The biological meaning of the above condition can be inferred from the definition of
The last condition has a very simple biological interpretation: when the maximum value of the rate of renewal ͑L + ␤ 3 ͒ of the semidifferentiated cells is smaller than the sum of the apoptosis and differentiation rate then unlimited growth cannot occur. Moreover, let us show that in this case the model prediction can be interpreted as the appearance of a benign colon polyposis. In fact, when F͑y͒ = 0 and ␤ Ͻ 0 the stable stationary state of Eqs. ͑9a͒-͑9c͒ is
␥ y ‫ء‬ ͒, with y ‫ء‬ Ͼ −͑R / ␤͒. This means that in the new stable stationary state the population size of the semidifferentiated and fully differentiated cells is bigger than
We now investigate the biological insights gained from the above mathematical study. When considering the colonic crypts we first must establish whether a stationary state ͑i.e., homeostasis͒ can be achieved and if this state is stable. In the model, when F͑y͒ = 0, this condition is represented by the stable steady state S = ͑
The development of colorectal cancer is widely believed to occur through the adenoma to carcinoma transformation ͓5,36͔. The loss of Wnt signaling is the early event in the formation of the adenoma. The complete inactivation of the APC complex causes the formation of multiple bowel adenomas leading to a strong increase in the probability of developing colorectal cancer ͓5,36͔. In our model the alteration of tissue growth arising from the above conditions can be achieved with the introduction of an additional contribution to the renewal rate of the semidifferentiated cells represented by F͑y͒ 0. Whence, if propositions II and III hold simultaneously, a stable stationary state can exist only if the net proliferation rate ͑L + ␤͒ of semidifferentiated cells satisfies ␤ + L Ͻ 0. In this case the corresponding biological interpretation of the theoretical results is that there will be the formation of an adenoma without an aberrant and unlimited tissue growth. When there are more stationary states ͑that, from a biological point of view, can be interpreted as the formation of multiple bowel adenomas ͓5,36͔͒ the situation becomes more complex and the condition to avoid unlimited growth is given in proposition V. Therefore, if ␤ + L Ͻ 0 our results suggest that in the presence of multiple bowel adenomas the transition to carcinoma cannot occur. This conclusion is biologically realistic because the net renewal rate of the cells ͑L + ␤ 3 ͒ is smaller than the sum of the apoptosis and differentiation rate.
The results of propositions II and III can be generalized and this is achieved by requiring weaker constraints on the properties of the function F͑y͒.
Proposition VI. Let F͑y͒ be a differentiable function defined in R and ͉F͑y͉͒ Ͻ M Ͻ +ϱ. If R Ͼ 0 and ␤ Ͻ −M, then the function F͑y͒ + ͑R / y + ␤͒ has at least one positive root.
Proof. The proof follows the same approach as that to prove proposition II. Moreover it can be shown that, when the function F͑y͒ + ͑R / y + ␤͒ has a single positive root, the corresponding stationary state of Eqs. ͑9a͒-͑9c͒ is stable.
The boundedness properties of the corresponding solutions are defined by the following proposition.
Proposition VII. Let F͑y͒ be a differentiable function defined in R and ͉F͑y͉͒ Ͻ M Ͻ +ϱ. If ␤ + M Ͻ 0 and x = x eq = ␣ / k then the solutions of Eqs. ͑9b͒ and ͑9c͒ are bounded.
Proof. The proof is similar to that of proposition V.
The previous results were obtained by assuming a population dependence of the renewal rate of the semidifferentiated cells. We now consider the case when the other rates also exhibit a population dependence. Let us assume that
where the function ͑y͒ ͓͑y͒ϵF͑y͒ , H͑y͒ , K͑y͔͒ satisfies the properties described in proposition II or VI. By substituting Eqs. ͑12a͒-͑12c͒ into Eq. ͑9b͒ it follows:
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dy dt = ␤y + Z͑y͒y + ␣ 2 x, ͓Z͑y͒ = F͑y͒ + H͑y͒ + K͑y͔͒.
͑13͒
From the properties of the functions defining Z͑y͒, it follows that Eq. ͑13͒ is equivalent to Eq. ͑9b͒. This implies that the properties of the corresponding dynamical system are equivalent to those already discussed.
V. EFFECTS OF NOISE ON THE DYNAMICS OF CELL POPULATIONS
In this section the effects of noise on the dynamical behavior of the cell populations will be investigated. In particular, Gaussian white noise is added to the right-hand side of Eq. ͑3b͒ describing the time evolution of the population of semidifferentiated cells, which now reads ẏ = ␤y + py n+1 q+y n + ␣ 2 x + ͑t͒, where is the noise amplitude and ͑t͒ is a Gaussian stochastic process of zero mean and unit standard deviation. This noisy perturbation is introduced in the system to mimic random fluctuations arising from internal and external noise. We motivate the introduction of the noise by noting that the control of the cellular processes is regulated by the levels of gene transcription and the corresponding fluctuations are the main source of the internal noise of the cell ͓41,48,57,58͔. The external noise arises from fluctuations of specific factors such as cell-cell interactions, levels of signaling molecules, rate constants of particular biochemical reactions, etc. ͓41,59͔. Our aim is to understand how these random fluctuations impact the dynamics of the cell populations. In the simulations the parameter values used are within the range of values adopted by other authors ͓6,18,38͔. Moreover the parameter values were selected in order to represent the main dynamical regimes described in the theoretical analysis carried out in Sec. III.
Let us consider the case corresponding to the plot of the polynomial P͑y͒ = y n+1 ͑␤ + p͒ + Ry n + ␤qy + Rq, ͑R = ␣␣ 2 / k͒ reported in panel a of Fig. 2 . For the adopted parameter values ␣ = 0.5, ␣ 2 = 0.1, k = 0.1, ␤ = −0.3, p = 0.35, q = 50, n = 3 the two roots are y 1 ‫ء‬ Х 1.97, y 2 ‫ء‬ Х 3.37. The stationary
The top panel of Fig. 4 shows plots describing the time evolution of the population of semidifferentiated cells with different initial conditions in absence of noise ͑ =0͒. When the initial conditions are close to the basin of attraction of the stationary state S 1 the time evolution of the population of semidifferentiated cells converges to y 1 ‫ء‬ . When the initial conditions are chosen to fall within the basin of attraction of S 2 , then unlimited growth will occur. The inset shows the plot of the corresponding polynomial P͑y͒. The estimation of the tumor doubling time from these simulations gives a value of about 80 weeks. This value is within the range of values found for colorectal cancer in human ͑from 72 to 232 weeks ͓60͔͒.
The case described above has implications from the physiological point of view. In fact the stationary state S 1 can be interpreted as the normal homeostatic state in which all cell populations are in equilibrium. Let us assume that a perturbation of finite duration increases the proliferative rate of the population of semidifferentiated cells. Within the physiological analogy, the perturbation acting on the dynamical system can be interpreted as arising from the alteration of some biochemical processes controlling cell proliferation. In fact, the experimental results on the study of colorectal cancers show that about 90% of them occur through an alteration of the function of the APC complex ͓1,5,13,35,36,61,62͔. As discussed the APC complex plays an important role in the control of cell proliferation by regulating the concentration level of ␤-catenin ͓13͔. When the APC complex does not function correctly the ␤-catenin accumulates and an alteration of the cell proliferation rate occurs. In particular conditions this situation can degenerate leading to the formation of cancer ͓1,5,10,12,13,35,36͔. Thus, the presence of the perturbation will determine the transition S 1 → S 1 ‫ء‬ ͑t͒. If the nonstationary state S 1 ‫ء‬ ͑t͒ remains within the basin of attraction of S 1 then, a suitable time after the perturbation is turned off, S 1 ‫ء‬ ͑t͒ → S 1 . Thus it is expected that if the amplitude and duration of the perturbation are below threshold, then the cells will be able to recover ͑due to self-regulatory mechanisms͒ their original equilibrium. If the threshold is exceeded the initial equilibrium cannot be restored and unlimited growth occurs. In the middle panel of q+y n + ⑀Q p ͑T on , ⌬t͒. Q p ͑T on , ⌬t͒ is the square pulse function of unit height starting at t = T on and of duration ⌬t, while ⑀ is the perturbation amplitude. When the amplitude and duration of the perturbation are below the corresponding thresholds the population of the semidifferentiated cells increases while the perturbation is on, then it returns back to its stationary value after some variable time interval. If the ⑀ ͑or ⌬t͒ value is greater than the threshold then unlimited growth occurs ͑middle panel of Fig. 4͒ .
Let us now consider the case in which the semidifferentiated cell population is subject to random fluctuations described by ͑t͒. We are interested in investigating the effects of these fluctuations on the time evolution of the cell populations. A typical trajectory describing the time evolution of the population size of the semidifferentiated cells is shown in the bottom panel of Fig. 4 . Initially the population size fluctuates around the value of y eq corresponding to the stationary state S 1 , then the trajectory enters the basin of attraction of the unstable state S 2 and unlimited growth occurs. To characterize the behavior of the dynamical system the probability P͑S 1 → S 2 ͒ of entering the basin of attraction of the unstable state was estimated numerically for several parameter values. The probability was evaluated as N u / N Trials , where N u is the total number of times that the attraction basin of S 2 is crossed by starting from S 1 ; N Trials is the total number of trajectories starting from S 1 . Several numerical experiments were carried out with different values of N Trials and they showed that the choice adopted here ͑N Trials = 5000͒ is an acceptable compromise between statistical precision and computational cost. The left panel of Fig.  5 shows the values of P͑S 1 → S 2 ͒ plotted against the noise amplitude for different parameter values. The probability of a transition to S 2 increases in a sigmoidal fashion as the noise amplitude increases. The decrease in the p value ͑0 Ͻ ␤ + p͒ requires higher noise amplitudes for unlimited growth ͑thin black line͒. Keeping p fixed ͑0.35͒, the decrease in the selfrenewal rate of the stem cell population strongly impacts the values of the transition probability P͑S 1 → S 2 ͒ ͑gray line͒. Taken together these results indicate that when there is a perturbation of the process driving cellular proliferation the presence of noise can determine a transition toward unlimited tissue growth. The left panel of Fig. 5 shows the mean exit time ͗T͑S 1 ͒͘ plotted against the initial value of the population size of the semidifferentiated cells for different noise amplitudes. The value of the last quantity was estimated numerically as scribed in Fig. 2͑d͒ , where there are three stationary states S 1 , S 2 , S 3 of Eqs. ͑3a͒-͑3c͒: S 1 , S 3 are stable, while S 2 is unstable. The top panel of Fig. 6 shows that, in absence of noise ͑ =0͒, starting with initial conditions close to S 2 the time evolution of the population of semidifferentiated cells can reach S 1 or S 3 . In this case therefore there is bistability: i.e., the dynamical system evolves toward one of the two stable stationary states depending on the initial conditions. The middle panel of Fig. 6 shows a typical trajectory occurring when 0 and shows that the presence of noise determines a switching from the stable state S 1 to S 3 and vice versa. To determine the mean switching time between these states and how it depends on the noise intensity we consider here the case in which at t = 0 the state of the dynamical system is S 1 . We use numerical simulations to estimate how the mean switching time T s ͑S 1 → S 3 ͒ depends on the noise amplitude. For a fixed value of the system of differential equations was integrated numerically up to T Int =40ϫ 10 6 . Then from this trajectory the residence time intervals ⌬t S 1 ͑j͒ ͑j =1,2, ... , M͒ in the state S 1 were computed and from them the mean switching time from S 1 to S 3 was estimated as
The results are shown in the bottom panel of Fig. 6 ͑open circles͒. The increase in the noise amplitude determines a very fast shortening of the mean switching time. To characterize the switching phenomenon occurring in this dynamical regime a theoretical analysis was carried out. First of all let us assume that the population of stem cells is at equilibrium: i.e., x͑t͒ = x eq = ␣ / k. This assumption makes sense because all simulations were performed by starting from the stationary state S 1 . However no significant changes occur if x͑t͒ x eq = ␣ / k: it is just sufficient that the sampling of the numerical trajectories occurs after t ӷ ␣ −1 . Under this condition the time evolution of the population of the semidifferentiated cells is described by the following equation: ẏ =− dU͑y͒ dy + ͑t͒, with U͑y͒ =−͓͐␤y + R + F͑y͒y͔dy. From the theory of stochastic differential equations it follows that the mean exit time from the interval ͓y 1 ‫ء‬ , y͔ when all trajectories start from y 1 ‫ء‬ is given by T͑y 1 ‫ء‬ , y͒ Summarizing, the above results indicate that the alteration of the proliferative activity of the semidifferentiated cells ͓described by py n+1 / ͑q + y n ͔͒ can promote bistable behavior in the cellular population. Moreover the presence of noise of suitable amplitude determines a switching between these stable states. Other numerical simulations were carried out by using different parameter values. The corresponding results are qualitatively similar to those already discussed ͑results not shown͒.
VI. CONCLUSION
In this paper a continuous nonlinear model describing the cell populations in the colonic crypts was studied analytically and numerically. Three cell types were considered: the stem cells, the semidifferentiated cells, and the fully differentiated cells. In the first part of the paper we studied how an alteration of the renewal rate of the semidifferentiated cells affects the growth properties of these cell populations. To this aim it was assumed that the rate of the self-renewal of the semidifferentiated cells was ␤ 3 ͑y͒ = ␤ 3 + py n q+y n ͑␤ = ␤ 3 − ␤ 2 − ␤ 1 ͒. It was found that unlimited growth occurs if −p Ͻ ␤ Ͻ 0. Moreover when ␤ Ͻ −p two possible behaviors can occur: a single stable stationary state or bistability. The above investigations were extended by studying the more general case ␤ 3 ͑y͒ = ␤ 3 + F͑y͒ with F͑0͒ =0, FЈ͑y͒ Ͼ 0, and lim y→+ϱ F͑y͒ = L Ͻ +ϱ. It was shown that when L Ͻ −␤ there exists at least one stationary state of the dynamical system. Moreover it was shown that when there exists only one stationary state then it is globally stable. It was proved that the above results also hold when the function F͑y͒ satisfies weaker constraints. The last part of the paper was devoted to the discussion of the results obtained with numerical simulations. In particular it was shown that the presence of the noise can lead to unlimited growth of the population of the semidifferentiated cells. Moreover bistability phenomena were found and characterized quantitatively. Let us now prove that G͑y͒ Ͼ 0 for y ͔0, y 1 ͓ = I 1 . From the inequalities F͑y͒ Ͼ 0 and ͑R / y + ␤͒ Ͼ 0 for y I 1 it follows that G͑y͒ Ͼ 0. Let us now prove that G͑y͒ Ͻ 0 for y ͔y 2 ,+ϱ͓ = I 2 . The inequality L Ͻ −␤ implies that ͑R / y + ␤͒ Ͻ −L for y Ͼ y 2 . Then, from 0 Ͻ F͑y͒ Ͻ L for y I 2 it follows that G͑y͒ Ͻ 0 in I 2 . Now, since G͑y͒ Ͼ 0 in I 1 and G͑y͒ Ͻ 0 in I 2 , the Bolzano theorem implies that the function G͑y͒ possesses at least a root y ‫ء‬ in the interval ͔y 1 , y 2 ͓.
APPENDIX B: PROOF OF PROPOSITION III
Proof. ␥ ͒ is a hyperbolic fixed point it follows, from the Hartman-Grobman theorem, that the linear asymptotic stability implies nonlinear asymptotic stability.
APPENDIX C: PROOF OF PROPOSITION IV
Unlimited growth implies that y͑t͒ is unbounded: i.e., dy͑t͒ / dt Ͼ 0 in a positive neighborhood of y N ‫ء‬ and then y͑t͒ grows indefinitely. This implies that the stationary state corresponding to y N ‫ء‬ is unstable.
